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Abstract 

We use the decomposition of o(3, 1) = sZ(2;C)i ffi s£(2;C)2 in order to describe 
nonstandard quantum deformation of o(3, 1) linked with Jordanian deformation of 
sl{2; C). Using twist quantization technique we obtain the deformed coproducts and 
antipodes which can be expressed in terms of real physical Lorentz generators. We 
describe the extension of the considered deformation of D = 4 Lorentz algebra to 
the twist deformation of D = 4 Poincare algebra with dimensionless deformation 
parameter. 
PACS: 02.20.Uw 
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1 Introduction 



The quantum deformations of relativistic symmetries are described by Hopf-algebraic de- 
formation of Lorentz and Poincare algebras. Such quantum deformations are classified 
by Lorentz and Poincare Poisson structures. These Poisson structures given by classi- 
cal r-matrices were classified already some time ago by S. Zakrzewski (see [1] for the 
Lorentz classical r-matrices and [2] for the Poincare classical matrices). In [1] there are 
provided four classical o(3, 1) r-matrices and in [2] one finds 21 cases describing different 
deformation of Poincare symmetries, with various numbers of free parameters. 

In this paper we would like to describe the explicit Hopf algebra form of the nonstan- 
dard deformations of D = 4 Lorentz algebra and extend it to D — 4 Poincare algebra. 
We shall describe firstly the twist deformation of complexified D = 4 Lorentz algebra 
o(4;C), and further consider the reality structure (*— Hopf algebra) describing quantum 
deformation of the standard Lorentz algebra o(3, 1). Let us observe that the complex Lie 
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algebra o(4; C) decomposes into a direct sum of two copies of o(3; C) ~ sl(2; C) algebras. 
We shall employ the sl(2; C)i © sl{2; C) 2 basis (#1, F x ) © (F 2 , £ 2 , F 2 ) where 

[H k , E k ]=E k [H k ,F k ] = -F k [E k ,F k ] = 2H kl k = 1,2 (1.1) 

and obviously 

[X u X 2 ) = 0, X G (H, E, F) (1.2) 

The real o(l,3) Lorentz algebra is obtained from the reality condition X* = — X 2 or 
equivalently X£ = — X±. The real generators (x* = — x, for x G (x, x')), where Xi s2 = 
x ± zx' 1 we describe explicitly as follows 

h=~(H 1 + H 2 ), e = ^(E 1 + E 2 ), f = ±(F 1 + F 2 ) 

h! = ^-{H x -H 2 \ e f = ^(Eh-E 2 ) t /'=y(Fi-F 2 ) (1.3) 

Notice that these new generators satisfy the commutation relation of the Lorentz algebra 
o(l,3) written in Cartan-Chevaley basis: 

[h,e]=e, [h,f] = -f, [e,f] = 2h 
[h, e'\ = [h 1 , e] = e', [h', f] = [h, f] = -f , [e, /'] = [e>, f] = 2h> , 

[h',e'] = -e, [h',f] = f, [e',f'] = -2h (1.4) 

with vanishing all remaining relations. 

We recall that the quantization of classical Lie-algebra g is obtained by introducing 
the twist function T G U(g) ®U (g) which modifies the coproduct A and antipode S as 
follows [3]: 

A — > A f = fA (0) r 1 , S — >Sr = uSu- 1 , (1.5) 

where 

A (0) (x) = x <g> 1 + 1 <g> x, Vx G g 
^=£/i (1) ®/i (2 \ u = J2fl 1] S(fP). (1.6) 

i i 

It appears that in classical enveloping Lie algebra U(g), considered as a Hopf algebra 
Jjw = (U(g), m, A(°>, S, e) only coalgebra sector (coproduct and coinverse) is modified. 

The standard Drinfeld-Jimbo quantum deformation of D = 4 Lorentz algebra (see 
[4, 5]) satisfies modified YB equation and can not be extended to Poincare algebra. In 
this paper we shall consider the nonstandard quantum deformations satisfying CYBE 
which can be extended to the whole Poincare algebra and provide new deformation of 
relativistic symmetries. We shall consider here more in detail the two-parameter nonstan- 
dard deformation generated by the classical s/(2;C) r-matrix r(a,j3) 

r(a,/3) = a(hAe-ti Ae') + f3eAe' 

= a(H 1 AE 1 + H 2 AE 2 )+i(3E 1 AE 2 , (1.7) 

*We see that besides of the ^-operation one can also introduce a standard complex conjugation oper- 
ation by X\ = X 2 and X 2 = X\. 



2 



Further we shall assume that the real r-matrix (1.7) is anti-Hermitean, i.e. = 
— i?2, E* — — E 2 and the parameters a and (3 should be purely imaginary. 

We see that for (3 — the r-matrix (1.7) describes the real part of complex Jordanian 
r-matrix for s/(2,C) ~ o(3;C), which is quantized by the following Ogievetsky twist 
(Jfc = 1,2) (see [6]) 

Tj, k = exp (H k <g> E fe ) (1.8) 

where E^ = /n(l + aE k ). Because the generators (ifi, i?i) and (i^, -E2) do commute the 
twist function corresponding to (1.7) is given by the following formula: 

T(ol,$)=TrTj,iTj, 2 (1.9) 

where 

J-r = exp (i /3Ei A E2) (1.10) 

We would like to mention here that the form of the twist function given above by formula 
(1.8) was conjecture with not antisymmetrized exponential form (1.10) by Kulish and 
Mudrov in [7]. 

In order to deform the real Lorentz algebra we demand that our twist quantization is 
compatible with ^-algebra structure. More explicitly, this means that the twist J 7 (a, (3) 
must be ^-unitary, i.e. !F(a, /3)* = ^(a,/?)" 1 . As we have mentioned above the last 
equation can be statisfied if and only if both parameters a, (3 are purely imaginary (E* = 
E 2 ) 2 , i.e. one has 

(r Jik y = [T R f = T R l . (1.11) 

In Sect. 2 we shall describe the deformed coproducts in the classical s/(2;C)i © 
s/(2; C)2 basis (Hi, Ei, iq) © (H 2 , E 2 , F 2 ) which can be expressed easily in terms of 
physical (Hermitean) o(3, 1) Lorentz algebra basis (Mi, Ni), satisfying the algebra 

[M u Mj] = ie ijk M k , [Mi, Nj] = ie i]k N k , [Ni, Nj] = -ie ljk M k , (1.12) 

where using (1.3) one can find that 

h = iN 3 , ti = -iM 3 
e = i(Ni+M 2 ), e' = i(N 2 -M 1 ) (1.13) 
f = i(Ni- M 2 ), f = - l (N 2 + Mi) 

In Sect. 3 we shall add to the Lorentz algebra (1.12) four momentum generators and 
describe the quantum deformation of Poincare algebra, generated by classical r-matrix 
(1.7) (or equivalently (1.9)). Finally in Sect. 4 we shall present an outlook and mention 
possible applications. 

2 However Si ^ S 2 . 
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2 Two-parameter nonstandard deformation of o(3, 1) 
in classical basis 

If we use (1.1-1.2), (1.5) and (1.9) we obtain the following formulae for the coproducts of 



s/(2;C) « o(3;C) generators (H k , E k , F k ), k = 1,2 

A Q>/3 (£ fe ) = ^(a,/3)A(°)(£; fe )^- 1 (a, / 9) = A a ( J E; fe ) = J E; fe ®e Sfc + l®E fc 



A a ,/?(F fc ) = F k ® e" Efc + 1 ® F k + 2a# fc ® H k e~^ k + a# fe (# fe - 1) ® A fc + 



2{-) k ia(3H k Y, k+l ®A k - 2(-) k ia(JH k ® S fc+1 e- Efe 

- 2(-) k ia(3H k A k e^ ® S fc+1 e- 2Efc - 2(-) fc *a/3A fc e Sfc ® tf fe £ fc+1 e- Sfc 
+ 2(-) fc za / 3£ fc+1 ® if fce - Efc + (-)*ia/3A fc <g> T, k+1 e~^ - 

(-) k ia(3Z k+1 <g> A k + (-)*ia/3(e- 3E * - 1) <g> S fc+1 A fc 

- a/^Afc ® S2 +1 e" Efe - a/3 3 £j| +1 <g> A fc - a(3 2 K 2 k e 2 ^ ® £ 2 +1 A fc 

(2.16) 



Here £fc+i is understood with index mod 2, i.e. £fc+i denotes Si for k = 2 and A& = 
Using the relations (1.5-1.6) one obtains the following formulae for the antipodes 



S a AEk) = S a (E k ) = -E k e~^, S a ,p{H k ) = S a {H k ) = -H k e^ (2.17) 
SaA F k) = -F k e^+aH 2 k e^(e^ + l)-a 2 H k E k e^ + 2a 3 (3 2 E 2 +1 E 2 (2.18) 



In order to apply our results to the physical basis of the Lorentz algebra one has to 
calculate the coproducts for the generators (h,h',e,e', f, f) by using (1.3), (2.14)-(16) 
and further the formulae (1.13). 

3 Extension of the deformation to Poincare algebra 

The D = 4 Lorentz algebra (1.12) can be extended to D = 4 Poincare algebra by adding 
the mutually commuting four- momentum operators (Pq, Pi, P2, P3) satisfying the rela- 
tions (j, k, I = 1, 2, 3) 



(2.14) 



H k <8> e~ Sfc + 1 <g> H k - (-l) fc i/3A fc e Sfc ® Z k+1 e 
+ (-l) fc z/3£ fc+1 ®A fc e Efc 



(2.15) 



[M jt Pi] 
Wj, P k ] 




[Mj, P ] = , 
[Nj, Po] = -i 



(3.19) 
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Because the classical r— matrix (1.7) for D = 4 Lorentz algebra satisfies CYBE it provides 
also the deformation of the D = 4 Poincare algebra. The twisted coproducts of the four- 
momenta in the "spinorial" basis P± = Po ± P3, P'± = Pi ± zP 2 are given by the formulae: 

A Qj/3 (P + ) = f(a,f3)A(°\P + )F-\a,P) = A a (P + ) = P + ®e^ + ^ + l®P + 

(3.20) 

A a! p(PL) = Pi ® e^ (E2 - Sl) + 1 ® PL + aHi <g> F +e - El + 

iapP+e'^ 1 ® S 2 e^ s ^ Sl ) + ia/5Aie El <g> £ 2 P+e" Sl - ia/?S 2 ® P+e~ Sl 

(3.21) 

A a> ^(p;) = p; <8i e^ 1 -^ + 1 ® p; + «# 2 ® p+ e - E2 - 

za/^P+e" 22 (8> S ie ^ Sl - E2 ) - za/?A 2 e S2 <g> EiP+e" 22 + iafiZx ® P+e^ 2 

(3.22) 

A Qj/3 (P_) = P_ ® e -5( s i+ E 2) + 1 p_ + aP|e" Sl ® S 2 e"^ E i+ s 2) + 

+aH t <g> P|e- Sl + a# 2 ® Pie" S2 + a 2 ^^ ® P +e - (El+S2) + 
-ia/3Pie- E2 ® £ ie ^ (El+E2) + za/3£i ® Pie" 22 + lapK^ 1 ® E 2 P: e " Sl 
-ia/3S 2 ® P|e" Sl - ia/3A 2 e S2 ® E^e" 22 + ia 2 (5^ x H x ® P + e" (El+E2) 
+ia 2 f3H 2 A ie Sl ® S 2 P+e~ (Sl+E2) - m 2 /3P +e - (El+S2) ® E^e - ^ 1 ^ 2 ) 
-ia 2 /3E 2 P 2 ® P +e - (El+S2) - ia 2 [3H 1 A 2 e S2 ® EjP+e - ^ 14 - 53 ^ 
+a 2 /3 2 £i£ 2 ® P + e'( Sl+E2 ) + a 2 /3 2 A 1 A 2e ( Sl + S2 ) <g> E^P^ 1 ^ 

(3.23) 

Let us observe that in the purely Jordanian case (/? = 0) all formulae (14)-(16) and 
(20)-(23) simplify significantly. 

4 Outlook 

The description in detail of all possible Hopf algebra structures of D = 4 quantum Lorentz 
algebras should have a physical importance. In particular the nonstandard deformations 
of the Lorentz algebra described by classical r— matrices satisfying CYBE are described 
by twist quantization and can be extended to the Poincare algebra. Recently it has 
been shown that that the twist quantizations of Poincare algebra is very useful in the 
construction of new noncommutative deformed Minkowski spaces which are covariant 
under relativistic symmetries see (e.g. [9]-[15]). 

One can further observe that o(3, 1) describes as well the D = 3 de-Sitter algebra, 
which provides via quantum AdS contraction the D = 3 deformed Poincare algebra. 
These novel aspects of the presented deformation as well as the structure of dual deformed 
Lorentz and Poincare groups will be considered in our next publication. 
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